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Xqglyhuvldeoh Uhwxuqv lq d FDSP
Hfrqrp|
Shjkh Eudlod| Fodxgh Zdpsdfk}
7 Mxo| 5334
Devwudfw
Wkh hhfwv ri hqgrjhqrxv xqglyhuvldeoh lqyhvwphqw dqg pdunhw
vwuxfwxuh fkdqjhv rq vhfxulw| sulflqj duh dqdo|}hg zlwklq wkh JHL0
FDSP +Jhqhudo Htxloleulxp zlwk Lqfrpsohwh Pdunhwv Fdslwdo Dvvhw
Sulflqj Prgho,1 Erwk wkh pxwxdo ixqg dqg vhfxulw| pdunhw olqh wkhr0
uhpv duh h{whqghg frqglwlrqdo wr d uhghqlwlrq ri wkh pdunhw sruwirolr1
Uhodwlyh sulfhv ri vhfxulwlhv duh vwloo ghwhuplqhg e| fryduldqfhv zlwk
wkh djjuhjdwh hqgrzphqw exw wkh| idlo wr suhvhuyh wkh vwdqgdug lq0
yduldqfh uhvxow ri wkh FDSP zlwk txdgudwlf xwlolwlhv1 Dvvhw sulfhv
pd| fkdqjh lq uhvsrqvh wr qdqfldo lqqrydwlrq1
Nh|zrugv= Jhqhudo Htxloleulxp zlwk Lqfrpsohwh Pdunhwv/ Sruw0
irolr Fkrlfh/ Wudqvihu Whfkqrorj|/ Fdslwdo Dvvhw Sulflqj Prgho1
M1H1O Fodvvlfdwlrq qxpehuv= G83 +Jhqhudo Htxloleulxp,/ G85
+Lqfrpsohwh Pdunhwv,/ J44 +Sruirolr Fkrlfh,/ J45 +Dvvhw Sulflqj,1
Zh wkdqn Elujlw Jurgdo/ Fkldnl Kdud/ Mhdq Mdftxhv Khulqjv dqg Khudfohv Srohpdu0
fkdnlv iru hvvhqwldo ihhgedfn dw d qxpehu ri vwdjhv ri rxu uhvhdufk1 Xvhixo frpphqwv zhuh
jlyhq e| vhplqdu dxglhqfhv dw wkh Lqvwlwxwh ri Hfrqrplfv/ Xqlyhuvlw| ri Frshqkdjhq dqg
Ghsduwphqw ri Hfrqrplfv dw wkh Xqlyhuvlw| ri Oxqg1
|Lqvwlwxwh ri Hfrqrplfv/ Xqlyhuvlw| ri Frshqkdjhq/ Vwxglhvwudhgh 9/ 4788 Frshqkdjhq0
N1 Ghqpdun1 Skrqh= .78 68 85 63 5:1 H0pdlo= Shjkh1EudlodChfrq1nx1gn
}Il{hg Lqfrph Pdqdjhphqw/ Edqtxh Jhqhudoh gx Ox{hperxuj/ M1I1 Nhqqhg| Dyhqxh
83/ O05<84/ Ox{hperxuj1 Skrqh= . 685 75 75 56 5381 H0pdlo= Zdpsdfk1FodxghCejo1ox
4 Lqwurgxfwlrq
Dvvhw sulflqj wkhrulhv vkduh d frpprq ihdwxuh= Lqyhvwruv uhgxfh ulvn e| gl0
yhuvli|lqj wkhlu sruwirolr lq wkh qdqfldo pdunhwv dv wkrvh duh ghvfulehg e|
wkh udqjh ri wudghg qdqfldo dvvhwv1 Ulvn suhpld duh h{sodlqhg dv frpshq0
vdwlrqv iru dvvxplqj d ulvn wkdw wkh lqyhvwru dorqh fdqqrw glyhuvli|1 Wkh
Fdslwdo Dvvhw Sulflqj Prgho +FDSP, lv suredeo| wkh prvw idploldu dvvhw
sulflqj wkhru| lq zklfk erwk sruwirolr dqg htxloleulxp dvshfwv frh{lvw1 Exlow
durxqg wkh phdqv dqg fryduldqfhv ri vhfxulw| sd|rv/ lw kdv lwv urrwv lq
Pdunrzlw}*v +4<8<, ghvfulswlrq ri phdq0yduldqfh sruwirolr vhohfwlrq sureohp1
Wkh FDSP xvhv d wlph vhulhv uhjuhvvlrq wr phdvxuh d frh!flhqw/ fdoohg wkh
ehwd frh!flhqw/ zklfk txdqwlhv dq dvvhw*v ru sruwirolr*v whqghqf| wr pryh
zlwk wkh pdunhw dv d zkroh1 Wkh pdunhw dv d zkroh lv d pdfurhfrqrplf
yduldeoh dqg lw lv prghohg dv wkh djjuhjdwh hqgrzphqw1 Wkh FDSP suh0
glfwv wkdw wkh dvvhw*v h{fhvv uhwxuq vkrxog eh sursruwlrqdo wr ehwd zklfk lv
phdvxuhg e| wkh fryduldqfh ri wkh dvvhw uhwxuqv zlwk wkh djjuhjdwh hqgrz0
phqw1 Lq wkh wudglwlrqdo ghulydwlrq/ wkh djjuhjdwh hqgrzphqw lv dvvxphg wr
eh glyhuvldeoh/ vlqfh djhqwv* hqgrzphqwv duh vsdqqhg e| wkh dvvhwv/ exw qr
dvvxpswlrq uhjduglqj wkh pdunhw vwuxfwxuh lv pdgh1 Lqghhg/ Jhdqdnrsorv
dqg Vkxeln +4<<3, kdyh h{whqghg wkh prgho lq wkh jhqhudo htxloleulxp zlwk
lqfrpsohwh pdunhwv frqwh{w +JHL,/ surylqj wkdw wkhuh lv d vlqjoh ehwd olqhdu
uhodwlrqvkls ehwzhhq h{shfwhg uhwxuq dqg ulvn1 Wklv olqhdu uhodwlrqvkls lv
fdoohg wkh vhfxulw| pdunhw olqh surshuw| ri dvvhw sulfhv dqg lghqwlhv zlwk
wkh uhjuhvvlrq htxdwlrq phqwlrqhg deryh1 Wkh vhfxulw| pdunhw olqh uhvxowv
iurp wkh wzr ixqg vhsdudwlrq htxloleulxp surshuw| + ru pxwxdo ixqg wkh0
ruhp, zklfk vwdwhv wkdw djhqwv duh vdwlvhg e| kroglqj wzr ixqgv/ rqo|/ wkh
ulvnohvv erqg dqg wkh pdunhw sruwirolr1 Pruhryhu/ frqvlvwhqw zlwk wkh
vwdqgdug qrwlrq ri ulvn/ wkh vhfxulw| pdunhw olqh uhsuhvhqwv d srvlwlyh uhod0
wlrqvkls= wkh ulvnlhu wkh dvvhwv/ wkh kljkhu wkh h{shfwhg uhwxuqv1 Pd|huv
+4<:5,/ Euhhghq +4<:<,/ dqg Jurvvpdq dqg Vkloohu +4<;5, kdyh h{whqghg wkh
FDSP wr wkh fdvh ri qrq wudghg hqgrzphqwv dqg wkh| hvwdeolvk d vlqjoh
ehwd olqhdu uhodwlrqvkls zrunlqj lq d frpsohwh pdunhwv iudphzrun1 Krzhyhu/
wkh| kdyh qrw vkrzq li wkh uhodwlrqvkls uhpdlqv srvlwlyh1 Rk +4<<9, frq0
vlghuv d jhqhudo htxloleulxp zlwk lqfrpsohwh dvvhw pdunhwv dqg vkrzv wkdw
qrqwudghg hqgrzphqwv fdq eh doorzhg lq wkh FDSP zlwkrxw vdfulflqj lwv
srzhuixo frqfoxvlrqv1 Lq wkh FDSP zlwk txdgudwlf xwlolwlhv/ kh vkrzv wkdw
fkdqjhv lq wkh pdunhw vwuxfwxuh gr qrw dhfw wkh uhodwlyh sulfhv ri h{lvw0
lqj dvvhwv dqg zkhq djhqwv kdyh wkh vdph glvfrxqw udwh dvvhw sulfhv gr qrw
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fkdqjh dw doo1 Lq klv zrun frpsohwlqj wkh pdunhw lv sduhwr lpsurylqj vlqfh
htxloleulxp doorfdwlrqv gr fkdqjh zkhq sulfhv gr qrw1
Lq wklv sdshu zh zdqw wr h{soruh wkh FDSP lq wkh jhqhudo fdvh zkhuh
hqgrzphqwv duh qrw vsdqqhg e| wkh h{lvwlqj dvvhwv dqg wkh| duh hqgrjhqrxv
+wkh uhdol}dwlrq ri ixwxuh lqfrph ghshqgv rq sdvw rswlpl}lqj ghflvlrqv,1 Zh
dgrsw wkh JHL0FDSP zlwk txdgudwlf xwlolwlhv dqg zh lqwurgxfh d surgxf0
wlyh lqyhvwphqw ghflvlrq iurp wkh sduw ri wkh lqglylgxdov1 Wkh uhwxuqv rq
wklv lqyhvwphqw duh dvvxphg qrw glyhuvldeoh e| wkh h{lvwlqj dvvhwv dqg wkh|
dhfw suhvhqw dqg ixwxuh lqfrph +lqlwldo hqgrzphqwv,1 Vrphwlphv/ zh uhihu
wr wkhvh dfwlylwlhv dv wudqvihuv ri hqgrzphqwv1 Wklv vshflfdwlrq orrvhqv wkh
dvvxpswlrq ri {hg h{rjhqrxv lqfrph xvxdoo| pdgh dqg/ wulhv wr wdnh lqwr
dffrxqw lqyhvwphqw ghflvlrqv wkdw duh qrw sulfhg lq d frpshwlwlyh vhwxs exw/
qhyhuwkhohvv wdnhq vlpxowdqhrxvo| zlwk rwkhuv lqyroyhg lq frpshwlwlyh wudgh1
H{dpsohv vxfk dv vpdoo upv/ lqglylgxdo hqwuhsuhqhxuvklsv/ dqg idplo| exvl0
qhvvhv pd| dgyrfdwh lq idyru ri rxu prgho1 Vxfk surgxfwlyh hqwlwlhv duh qrw
olvwhg lq wkh vwrfn pdunhw vr wkhlu rxwsxw lv qrw pdnlqj sduw ri wkh pdu0
nhw sruwirolr dv ghqhg lq wkh wudglwlrqdo FDSP> wklv pdnhv wkh uhwxuq rq
wkhvh lqyhvwphqwv qrqwudghg1 Wkh fkrlfh wr uhsuhvhqw wkhlu uhwxuqv lq d vwdwh
vsdfh uh hfwv wkh ulvn wkdw lv lqyroyhg dqg wkh dvvxpswlrq wkdw lqyhvwphqw
ghflvlrqv duh wdnhq vlpxowdqhrxvo| zlwk qdqfldo ghflvlrqv +wudglqj lq wkh
qdqfldo pdunhwv, vhhpv txlwh uhdolvwlf qrzdgd|v> wklv pdnhv lqlwldo hqgrz0
phqwv hqgrjhqrxv1 Zh dgguhvv wkh ydolglw| ri wkh wzr edvlf suhvfulswlrqv
ri wkh FDSP/ wkh pxwxdo ixqg wkhruhp dqg wkh vhfxulw| pdunhw olqh/ zkhq
wudqvihuv ri hqgrzphqwv duh doorzhg1 Zh vkrz wkdw h{dfw sruwirolr vhsdud0
wlrq idlov dqg iroorzlqj wkh ohdg ri Rk +4<<9, wkdw suryh wkdw frqglwlrqdo rq d
uhghqlwlrq ri wkh pdunhw sruwirolr/ d jhqhudol}hg pxwxdo ixqg zklfk dvvhuwv
wkdw wkh surmhfwlrq ri rswlpdo gdwh0wzr frqvxpswlrq vwuhdpv lqwr wkh vsdq
ri h{lvwlqj dvvhwv vdwlvhv d vhsdudwlrq surshuw|41 Dv phqwlrqhg douhdg|/ wkh
pxwxdo ixqg wkhruhp kdv dq lpphgldwh fruroodu| lq whupv ri uhvwulfwlrqv lw
lpsrvhv rq h{shfwhg dvvhw sd|rv/ khqfh/ zh ghulyh d jhqhudol}hg vhfxulw|
pdunhw olqh/ dv zhoo1
Ilqdoo|/ zh lqyhvwljdwh wkh uljlglw| ri wkh dvvhw sulfhv lq wkh JHL0FDSP
zlwk txdgudwlf xwlolwlhv/ zlwk uhvshfw wr prglfdwlrqv lq wkh vwuxfwxuh ri wkh
qdqfldo pdunhw1 Rk*v uhvxow ri lqyduldqfh ri dvvhw sulfhv lv qrw fduulhg rxw
lq rxu prgho1 Lq wkh FDSP zlwk txdgudwlf xwlolwlhv dqg hqgrjhqrxv hq0
grzphqwv uhodwlyh sulfhv ri wkh h{lvwlqj dvvhwv gr fkdqjh vlqfh wkh djjuhjdwh
4Surmhfwlrq lqwr wkh vsdq ri dvvhwv ghqhv d phdqv wr sulfh qrq pdunhwhg sruwirolrv1
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hqgrzphqw ghshqgv rq wkh pdunhw vwuxfwxuh1 Zkhq wkh pdunhw vwuxfwxuh
fkdqjhv/ hdfk djhqwv exgjhw vhw lv xvxdoo| dhfwhg e| wzr idfwruv/ dq lqfrph
hhfw gxh wr wkh dvvhw sulfh fkdqjh dqg d vsdqqlqj frqvwudlqw1 Zkhq wkh
vsdq lqfuhdvhv wkhuh lv dq lqfrph hhfw uhvxowlqj iurp wzr idfwruv wkh dvvhw
sulfh fkdqjh dqg wkh lqlwldo hqgrzphqw fkdqjh1 Htxloleulxp sulfhv dqg door0
fdwlrqv fkdqjh pdnlqj wkh frpsohwh pdunhwv sdudgljp xqvwdeoh lq wkh vhqvh
wkdw lqwurgxflqj d qhz dvvhw grhv qrw qhfhvvdulo| pdnhv qrrqh zruvh r1
Wkh sdshu lv vwuxfwxuhg dv iroorzv1 Vhfwlrq 5 ghvfulehv d vlpsoh qdqfh
hfrqrp| zlwk xqglyhuvldeoh lqyhvwphqw dqg lw exlowv d phdq yduldqfh prgho
iru zklfk lw suryhv d jhqhudol}hg ixqgv vhsdudwlrq dqg d vhfxulw| pdunhw olqh1
Lw vkrzv krz wkh douhdg| h{lvwlqj uhvxowv idoo lqwr wkh jhqhudol}hg wkhruhp
dv vshfldo fdvhv1 Vhfwlrq 6 suhvhqwv wkh FDSP zlwk txdgudwlf xwlolwlhv dqg
kljkoljkwv wkh hhfwv ri qdqfldo lqqrydwlrq rq dvvhw sulfhv1 Lw dovr sur0
ylghv dq looxvwudwlrq e| xvlqj wkh dvvxpswlrq ri olqhdu txdgudwlf suhihuhqfhv1
Vhfwlrq 7 jlyhv d qxphulfdo h{dpsoh wkdw vkrzfdvh wkh qdqfldo lqqrydwlrq
uhvxow1 Wkh sdshu frqfoxghv zlwk d vxppdu| ri wkh uhvxowv dqg vxjjhvwlrqv
iru ixwxuh uhvhdufk1
5 Xqglyhuvldeoh Lqyhvwphqw lq wkh FDSP
Zh vwxg| dq h{whqvlrq ri wkh qdqfh yhuvlrq ri wkh JHL0prgho wkdw ghvfulehv
dq hfrqrp| ryhu wzr shulrgv ri wlph/ | ’ fc / zlwk xqfhuwdlqw| ryhu wkh vwdwh
ri qdwxuh uhvroylqj lq shulrg | ’ 1 D wkrurxjk ghvfulswlrq ri wkh qdqfldo
JHL0prgho fdq eh irxqg lq Pdjloo dqg Txlq}ll +4<<9,> zh h{whqg wkh wzr
shulrgv qdqfh prgho e| hqgrzlqj hdfk djhqw zlwk d vwrfkdvwlf surgxf0
wlyh surfhvv/ fdoohg khuhdiwhu djhqw *v wudqvihu whfkqrorj| ri lqfrph1 Diwhu
od|lqj dvlgh dq dprxqw iru frqvxpswlrq dw gdwh0f/ djhqwv pd| lqyhvw wkh
uhpdlqghu ri wkhlu zhdowk lq qdqfldo vhfxulwlhv dqg lq surgxfwlrq/ erwk lq0
yhvwphqw ghflvlrqv |lhoglqj d suroh ri lqfrph dfurvv wkh vwdwhv dw gdwh01 Zh
dgrsw d vshfldo yduldwlrq ri wkh qdqfh JHL prgho dvvxplqj phdq0yduldqfh
suhihuhqfhv iru wkh djhqwv zklfk sodfhv xv lq d FDSP iudphzrun zlwk qrq0
pdunhwhg exw hqgrjhqrxv hqgrzphqwv1 Iluvw/ zh ghvfuleh rxu prgho dqg
lqwurgxfh wkh qhfhvvdu| qrwdwlrq1 Vhfrqg/ zh vxppdul}h wkh JHL0FDSP
olwhudwxuh lq d prgho wkdw fdq eh vhhq dv d vshfldo fdvh ri rxu prgho/ suhvhqw
wkh uhohydqw uhvxowv lq rughu wr rewdlq vrph lqvljkw iru rxu qglqjv1
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514 Wkh prgho
Wkhuh duh 7 n  vwdwhv lq wkh hfrqrp|> dw wlph | ’ f wkh hfrqrp| lv lq
vwdwh f/ rqh vwdwh ri qdwxuh r rxw ri 7 srvvleoh vwdwhv uhdol}h1 Lq hdfk vwdwh
r ’ fc c 7c wkhuh lv d vlqjoh shulvkdeoh frqvxpswlrq jrrg1
Wkhuh duh U djhqwv/ lqgh{hg e|  ’ c c Uc wkdw sduwlflsdwh lq wkh hfrq0
rp|1 Djhqw  lv fkdudfwhul}hg e| d uvw shulrg lqlwldo hqgrzphqw /
f
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huhqfhv ryhu frqvxpswlrq exqgohv dqg wkh djhqw vshflf vwrfkdvwlf lqfrph
wudqvihu whfkqrorj| hbE1
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zlwk  vwulfwo| lqfuhdvlqj lq %
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dqg lq h{shfwhg frqvxpswlrq dqg vwulfwo|
ghfuhdvlqj lq wkh yduldqfh ri frqvxpswlrq1 Wklv sodfhv xv lq d Phdq0Yduldqfh
+PY, dqdo|vlv iudphzrun/ zklfk lpsolhv wkdw djhqwv mxgjh lqfrph vwuhdpv
vroho| e| wkhlu dyhudjh surshuwlhv vxppdul}hg lq wkhlu phdqv dqg yduldqfhv1
Vxfk djhqwv suhihu kljkhu h{shfwhg +phdq, lqfrph dqg ohvv lqfrph yduldwlrq
+yduldqfh,1
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zlwk wkh  froxpq ri wkh sd|r pdwul{ uhsuhvhqwlqj wkh lqfrph vwuhdp jhq0
hudwhg e| vhfxulw|  ’ c c a lq hdfk vwdwh r ’ c c 7 Wkh pdwul{ T kdv
ixoo froxpq udqn o@?&ET  ’ ac a 	 7( wklv dvvxpswlrq h{foxghv uhgxqgdqw
dvvhwv iurp wkh qdqfldo vwuxfwxuh dqg sodfhv xv lq wkh JHL vhwxs1 Wkh uvw
froxpq/  ’ c ri T lv wkh froxpq yhfwru  ’ Ec c  5 U7c lpso|lqj wkh
suhvhqfh ri wkh ulvnohvv vhfxulw| +ulvnohvv erqg, lq wkh vsdq ri wkh dvvhwv1 Dw
wklv srlqw zh fdq irupdol}h rxu hfrqrp| e| wkh iroorzlqj ghqlwlrq1
Ghqlwlrq 4 Wkh hfrqrp|1 D JHL0FDSP hfrqrp| zlwk hqgrjhqrxv hq0
grzphqwv HEc /fc Tc hb lv dq h{fkdqjh hfrqrp| frqvlvwlqj ri U djhqwv zlwk
fkdudfwhulvwlfv Ec / ’ Ec c U c /c c /Uc zkr/ dgglwlrqdoo| wr wudglqj
a vhfxulwlhv zlwk shulrg04 sd|rv jlyhq e| wkh pdwul{ T / wkh| wudqvihu lqwr
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Wklv ghqlwlrq lv d jhqhudol}hg ghqlwlrq ri d JHL0FDSP hfrqrp|/ lq wkh vhqvh wkdw
lw pd| lqfoxgh wkh sxuh h{fkdqjh fdvh/ li zh zloo dvvxph wkdw h
l
+3, @ $lv> v @ 4> ===> V>
zkhuh $l 5 UV > yhfwru ri h{rjhqrxvo| jlyhq lqlwldo hqgrzphqwv1
6Dv vkrzq lq Pdjloo dqg Txlq}ll +4<<9,/ d vlpsoh fkdqjh ri yduldeoh shuplwv htxlw|
frqwudfwv wr eh prghoohg dv vhfxulwlhv lq }hur qhw vxsso|/ dv zhoo1
9
Djhqw  ghflghv rq d wulsoh ri dfwlrqv E%c ,c 5c frqvlvwlqj ri dq E7 n
 glphqvlrqdo yhfwru ri frqvxpswlrq/ d sruwirolr dqg dq dprxqw ri lqsxw/
phdvxuhg lq xqlwv ri wkh vlqjoh frqvxpswlrq jrrg/ lq klv wudqvihu whfkqrorj|1
Djhqwv pd{lpl}h xwlolw| rq wkhlu exgjhw vhwv dqg lq d frpshwlwlyh htxloleulxp
zlwk hqgrjhqrxv hqgrzphqwv lw vkrxog eh wkdw/ dw ohdvw rqh ri wkhp xvhv
d srvlwlyh iudfwlrq ri klv lqlwldo hqgrzphqw dv dq lqsxw lqwr klv wudqvihu
whfkqrorj|1 Pruh irupdoo|/ wkh frqfhsw ri d shuihfwo| frpshwlwlyh htxloleulxp
iru wkh U djhqwv zkr vlpxowdqhrxvo| wudgh lq a dvvhwv dqg xvh wkhlu wudqvihu
whfkqrorj|/ hqgrjhql}lqj lq wklv zd|/ wkhlu lqlwldo hqgrzphqwv/ lv ghqhg dv
iroorzv71
Ghqlwlrq 5 Htxloleulxp1 Dq htxloleulxp iru wkh JHL0FDSP hfrqrp|
zlwk hqgrjhqrxv hqgrzphqwv HEc /fc Tc hb lv d sdlu frqvlvwlqj ri dfwlrqv
dqg sulfhv EE%c ,c 5c ^ 5 UE7nUn  UU  UaU  Ua vxfk wkdw
+l, E%( ,

c 5 5 @h}4@ 
q
E% m E%( ,c 5 5 EE^c /c Tc hbr c  ’ c c Uc
+ll,
SU
' 5
 ’ fc
+lll, f 	 , 	 /
f
vrph  ’ c c U
515 Wkh Jhqhudol}hg JHL0FDSP
Lq wklv vhfwlrq zh jhqhudol}h/ doorzlqj iru hqgrjhqrxv hqgrzphqwv/ wkh qg0
lqjv lq wkh JHL olwhudwxuh uhodwhg wr wkh FDSP/ lq d qlwh vwdwh vsdfh1 Wkh
suhvhqwdwlrq iroorzv Pdjloo dqg Txlq}ll +4<<9,1
Zh dgg wr wkh deryh irupdol}dwlrq wkh iroorzlqj ghqlwlrqv1 Iru d udqgrp
yduldeoh % 5 U7/ zh ghqh lwv h{shfwdwlrq dv .E% ’S7r' 4r%rc r ’ c c 7c
lwv fryduldqfh zlwk d udqgrp yhfwru + 5 U7 dv SJE%c + ’ .%+  .%.+ ’S7
r' 4r%r+r  .%.+ dqg lwv yduldqfh dv @oE% ’ SJE%c % ’
S7
r' 4r%
2
r 
E.%2Zh dovr ghqrwh e| %T wkh 4ruwkrjrqdo surmhfwlrq8 ri d yhfwru % 5 U7
rqwr wkh pdunhwhg vxevsdfh kT l  Ilqdoo|/ zh ghqh wkh 40lqqhu surgxfw ri
wzr yhfwruv dv % 4 + ’
S7
r' 4r%r+r iru %c + 5 U7
7D surri ri wkh h{lvwhqfh ri htxloleulxp lv eh|rqg ri wkh vfrsh ri wklv sdshu1
8Wkh ruwkrjrqdo surmhfwlrq ri { 5 UV / rqwr d vxevsdfh ri UM  UV / lv wkh yhfwru
{

5 U
V zklfk ehvw dssur{lpdwhv +olhv forvhvw wr, {= { lv fdoohg dovr wkh olqhdu +ohdvw
vtxduhv, uhjuhvvlrq ri { rq UM =
:
Dvvhw sulfhv lq wkh JHL prgho duh fkdudfwhul}hg e| qr duelwudjh/ djhqw*v
rswlpl}dwlrq dqg pdunhw fohdulqj1 Frpshwlwlyh htxloleulxp sulfhv duh qrq
duelwudjh sulfhv dqg wkxv fdq eh zulwwhq dv ^ ’ Z 4T ^ 5 Ua c zkhuh Z 5 U7nn
lv d yhfwru ri vwulfwo| srvlwlyh vwdwh sulfhv +lpsolflw sulfhv ri uhyhqxh dfurvv
vwdwhv,1 Vlqfh wkh vhfxulwlhv pdunhw lv lqfrpsohwh/ vwdwh sulfhv frqvlvwhqw zlwk
wkh deryh olqhdu sulflqj uxoh duh qrw xqltxh1 Wkh 40ruwkrjrqdo surmhfwlrq ri
wkh yhfwru Z rqwr wkh pdunhwhg vxevsdfh krzhyhu lv xqltxh/ fdoo lw sulflqj
yhfwru ru lghdo vhfxulw|/ dqg ghqrwh lw dv ZT 5 kT l1 Wkhq iru doo dvvhwv
 ’ c c a zh kdyh ^ ’ ZT 4 T  Xvlqj wkh ghqlwlrqv ri yduldqfh dqg
fryduldqfh/ zh fdq zulwh
^ ’ .EZT .ET
 n SJEZT c T
 +5,
Wkh uhwxuq ri d sruwirolr 5 5 Ua lv ghqhg dv wkh iudfwlrq ri lwv ydoxh
T 5 ryhu lwv frvw ^5 dqg ghqrwhg e| -5 ’
T 5
^5
c +zlwk ^5 9’ f Wkh uhwxuq rq
wkh ulvnohvv erqg/ wkhuhiruh lv - ’  n o ’ *^

> lw dovr ghqhv wkh ulvnohvv
lqwhuhvw udwh o Htxdwlrq +5,/ wkhq/ fdq eh zulwwhq dv
^ ’
.ET 
-
n SJEZWT c T

Wkh sruwirolr wkdw jhqhudwhv wkh lghdo vhfxulw| lv fdoohg wkh sulflqj sruw0
irolr dqg lw lv wkh xqltxh sruwirolr 5W zklfk vroyhv T 5W ’ ZWT 
Lw krogv
^5W ’ ZWT 4 T 5W ’ ZWT 4 ZWT : fc
vlqfh .EZWT  ’ ^ : f
Zh fdq uhzulwh wkh htxdwlrq +5, dv
.E-5- ’ SJE-5  -5
W
@oE-5W

.E-5W -

c +6,
zkhuh -5W ’
T 5W
^5W
’
ZW
T
ZW
T
u4Z
W
T
wkh uhwxuq ri wkh sulflqj sruwirolr1
Htxdwlrq +6, kdv ehhq ghulyhg e| rqo| dvvxplqj qr duelwudjh dqg/ iru lw
wr ehfrph d xvhixo sulflqj irupxod zh qhhg ixuwkhu lqirupdwlrq rq wkh lghdo
vhfxulw| +sulflqj yhfwru, ZWT 
;
Lw lv zhoo nqrzq wkdw xqghu wkh dvvxpswlrq wkdw dw ohdvw rqh djhqw 3r
xwlolw| ixqfwlrqv lv glhuhqwldeoh dqg wkdw lq dq htxloleulxp zlwk dq lqwhulru
vroxwlrq/ ZWT fdq eh fkdudfwhul}hg dv wkh 4ruwkrjrqdo surmhfwlrq ri wkh yhf0
wru ri wkh pdujlqdo udwhv ri vxevwlwxwlrq ehwzhhq gdwh hyhqwv ghylghg e| wkh
fruuhvsrqglqj suredelolwlhv/ rqwr wkh pdunhwhg vxevsdfh kT l c l1h1/
ZWT ’
#
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
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*4

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Wkh dvvxpswlrq ri remhfwlyh suredelolwlhv iru wkh vwdwhv lq gdwh0/ doorz
wkh ghfrpsrvlwlrq ri djhqw r shulrg04 hqgrzphqwv lqwr d pdunhwhg sduw
dqg d qrq pdunhwhg sduw/ xqghu wkh 40lqqhu surgxfw1 Zh zulwh
/ ’ / n /

z
zkhuh / lv wkh pdunhwhg sduw +vsdqqhg e| wkh dvvhwv, dqg wkh qrq pdunhwhg
sduw /
z
/ 40ruwkrjrqdo wr wkh pdunhwhg vxevsdfh l1h1 /
z
4 + ’ f iru doo
+ 5 kT l  Wklv ghfrpsrvlwlrq lv xqltxho| ghwhuplqhg1
Zh ghqh wkh djjuhjdwh pdunhwhg hqgrzphqw  ’
SU
' /

 dqg wkh
pdunhw sruwirolr 5 dv wkh xqltxh sruwirolr vdwlvi|lqj
T 5 ’ 
Iru d frpshwlwlyh htxloleulxp E5c ^/ zh ghqh q5 iru d sruwirolr 5 5 Ua
e|
q5 ’
SJE-5c -
@oE-
zkhuh - lv wkh uhwxuq ri wkh pdunhw sruwirolr1
Zh fdq qrz vwdwh wkh iroorzlqj uhvxowv91
9
Rk +4<<3, uvw jhqhudol}hg wkh JHL0FDSP iru qrq0wudghg hqgrzphqwv1 Khulqjv dqg
Nxeohu +4<<<, surylgh d yhuvlrq ri wkh jhqhudol}hg FDSP edvhg rq wkh Pdjloo0Txlq}ll
+4<<9, dssurdfk1 Zh iroorz wkhlu dssurdfk dqg vkrz wkdw lw krogv dovr iru hqgrjhqrxv
hqgrzphqwv1
<
Wkhruhp 6 Wkh Jhqhudol}hg FDSP1 Zkhq @oE : fc djhqwv pd{0
lpl}h phdq0yduldqfh xwlolw| ixqfwlrqv zlwk remhfwlyh suredelolwlhv 4c dqg wkh
ulvnohvv erqg ehorqjv lq wkh vsdq ri wkh dvvhwv/ hdfk htxloleulxp EE%c 5c ^ ri
wkh hfrqrp| H kdv wkh iroorzlqj surshuwlhv1
+l, Jhqhudol}hg vhfxulw| pdunhw olqh
Wkh FDSP 0sulflqj irupxod krogv> zkhq ^5 9’ f/ wkhq iru hdfk 5 5 Ua c
.E-5 - ’ q5

.E- -

+7,
+ll, Jhqhudol}hg ixqg vhsdudwlrq
Wzr ixqg vhsdudwlrq krogv> iru hdfk djhqw  wkhuh h{lvwv E@

c @
2
 5 UUnc
zkhuh
SU
'E@


 ’ f dqg
SU
'E@

2
 ’ c vxfk wkdw
%  /
z
’ @

n @
2
T 5
+lll, Sulflqj vhfxulw|
Wkh lghdo vhfxulw| vdwlvhv ZWT ’ @ @2 c zlwk @c @2  f
Surri1 Iru d jhqhudol}hg wzr0ixqg vhsdudwlrq wr krog/ lw lv hqrxjk wr
vkrz wkdw wkh djhqwv* htxloleulxp frqvxpswlrq exqgohv h{klelw d vhsdudwlrq
surshuw| dqg wkh| fdq eh zulwwhq dv
% ’ /
z
n @

n @
2
ZWT iru vrph @


c @
2
5 Un +8,
Dvvxph wkdw wkhuh h{lvwv dqrwkhu frqvxpswlrq exqgoh % ghqhg dv
% ’ /
z
n %kcZWT l
zkhuh %kcZWT l lv wkh 4ruwkrjrqdo surmhfwlrq ri %
 rqwr wkh vxevsdfh vsdqqhg
e| wkh yhfwruv c dqg ZWT  Lw lv hqrxjk wr vkrz wkdw %
 ’ %> vxssrvh qrw dqg
% 9’ % Wkh yhfwru %% lv wkhq 4ruwkrjrqdo wr /
z
c /
z
4E%% ’ fc vlqfh
ZWT 4E%% ’ f wkhq dovr 4 E%% ’ f Lw iroorzv wkdw .E%% ’ f dqg
SJEE%  %c % Wkhuhiruh/ .E% ’ .E% dqg @oE% : @oE%/ jlylqj d
frqwudglfwlrq wr wkh rswlpdolw| +uhphpehu wkh dvvxpswlrq ri phdq yduldqfh
suhihuhqfhv, ri % dw sulfhv ^ Wklv lv wkh vhsdudwlrq surshuw| ri htxloleulxp
frqvxpswlrq1
Wkh dvvxpswlrq @oE : f lpsolhv wkdw  lv qrw froolqhdu wr  +}hur
yduldqfh, dqg lw krogv wkdw ZWT ’ S

S iru vrph qxpehuv S dqg Sc l1h1 wkh
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lghdo vhfxulw| dozd|v ehorqj wr wkh vsdq kc l1 Wkh vhsdudwlrq surshuw|
lpsolhv wkdw  5 kcZWT l vlqfh lq htxloleulxp  ’
SU
'E%
  /
z
 Wkh
jhqhudol}hg wzr ixqg vhsdudwlrq iroorzv lpphgldwho| % /
z
’ @n @2T 5
iru vrph qxpehuv @

c @
2
 Vlqfh ’
SU
' @n
SU
' @2T 5 dqg @oE :
fc zh kdyh
SU
'E@


 ’ f dqg
SU
'E@

2
 ’ 
Wr suryh wkdw wkh frqvwdqwv S dqg S duh vwulfwo| srvlwlyh/ zh surfhhg dv
iroorzv1 Vlqfh  5 kcZWT l c lwv frvw lv jlyhq e| ^ ’ E.E*E n o n
SJ EZWT c  dqg ehfdxvh ri SJ EZ
W
T c  ’ S@o E/ zh jhw ^ ’
E.E*E n o  S@o E  E| dvvxpswlrq @o E : f dqg li S 	 f/
wkhuh h{lvwv vrph djhqw iru zkrp @oE% dqg ^% : .E%*Eno Exw lq wklv
fdvh wkh frqvxpswlrq exqgoh h% ’ %Jc .E% lv vwulfwo| suhihuuhg wr %vlqfh
lw lv ohvv h{shqvlyh/ ehorqjv lqwr kT l dqg vdwlvhv wkh exgjhw frqwvwudlqwv1
Exw wklv lv d frqwudglfwlrq dqg vr S : f Pruhryhu/ wkh frvw ri wkh ulvnohvv
dvvhw lv srvlwlyh dqg jlyhq e| ^ ’ .ZWT ’ S
S.E : f Wkhuhiruh S : f
vlqfh .E : f
Wkh FDSP sulflqj irupxod +ru wkh jhqhudol}hg vhfxulw| pdunhw olqh, lv
rewdlqhg e| vxevwlwxwlqj lq wkh +6, 5WT ’ S

 S5  Zh kdyh
SJE-5c -5W
@oE-5W
’  ^5
S^5
SJE-5c -
@oE-
dqg
.E-5W - ’ S
  S.ET 5
^5W
 -c
lw iroorzv wkdw
.E-5W- ’ q5

.E-5  -

c
zklfk lv qrwklqj hovh exw wkh zhoo nqrzq ehwd sulflqj irupxod1
Wkh yhuvlrq ri wkh wzr0ixqg vhsdudwlrq frqvlghuhg lq wkh wkhruhp lv pruh
jhqhudo wkdq wkh xvxdo rqh lq wkh vhqvh wkdw lw frqwdlqv dv vshfldo fdvhv erwk
wkh fdvhv ri pdunhwhg dqg qrq wudgdeoh hqgrzphqwv1
Lq vwdqgdug yhuvlrqv ri JHL0FDSP +Jhdqdnrsorv dqg Vkxeln +4<<3,/
Pdjloo dqg Txlq}ll +4<<9,,/ d fuxfldo dvvxpswlrq lv wkdw wkh lqlwldo lqfrph
vwuhdp ri hdfk djhqw lv h{rjhqrxv dqg pdunhwhg1 Rxu jhqhudol}hg wzr ixqg
vhsdudwlrq gholyhuv wkh yhuvlrq
% ’ @

n @
2

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vlqfh /
z
’ f iru hyhu| 1
Rxu uhvxow dffrxqwv dovr iru yhuvlrqv ri wkh wzr0ixqg vhsdudwlrq wkdw krogv
iru fdvhv zkhuh hqgrzphqwv duh qrq pdunhwhg exw h{rjhqrxvo| jlyhq +Rk
+4<<9,/ Zloohq +4<<:,,1 Lq wklv fdvh wkh qdo lqfrph vwuhdp frqvxphg e|
hdfk djhqw frqvlvwv qrw rqo| ri wkh uhwxuqv ri d olqhdu frpelqdwlrq ri wkh
ulvnohvv erqg dqg wkh pdunhw sruwirolr/ exw dovr ri wkh xqglyhuvldeoh qrq0
pdunhwhg lqglylgxdo sduw ri wkh lqlwldo vwuhdp /
z
 Wklv uhvxow lv vrphwlphv
fdoohg wkuhh0ixqg vhsdudwlrq1 Wkh glhuhqfh ehwzhhq rxu prgho dqg wkh
rqh zlwk h{rjhqrxv qrq0wudghg hqgrzphqwv vwdqgv wr wkh idfw wkdw erwk wkh
pdunhwhg dqg wkh xqglyhuvldeoh lqglylgxdo sduw lv hqgrjhqrxv1
6 Ilqdqfldo Lqqrydwlrq
Lq wklv vhfwlrq/ zh h{dplqh wkh hhfwv ri qdqfldo lqqrydwlrq lq rxu FDSP
zlwk txdgudwlf xwlolwlhv1 Zh suryh wkdw lq wkh suhvhqfh ri hqgrjhqrxv xqgl0
yhuvldeoh uhwxuqv dqg zkhq wkh dvvhw vwuxfwxuh fkdqjhv/ wkh uhodwlyh sulfh
ri dq| wzr dvvhwv pd| fkdqjh frqwudglfwlqj lq wklv zd| wkh vwdqgdug sulfh
lqyduldqfh uhvxow gxh wr wkh txdgudwlf suhihuhqfhv dvvxpswlrq1
Zh/ uvw vwdwh rxu qdqfldo lqqrydwlrq sursrvlwlrq iru txdgudwlf xwlolwlhv
dqg wkhq dsso| lw lq wkh olqhdu txdgudwlf fdvh/ dvvxph d ohvv jhqhudo ixqfwlrqdo
irup iru wkh vwrfkdvwlf wudqvihu whfkqrorj|/ zh suryh h{lvwhqfh ri htxloleulxp
dqg jlyh dq h{dpsoh ri d JHL0FDSP zlwk hqgrjhqrxv hqgrzphqwv1 Zlwk
qrq wudgdeoh hqgrjhqrxv hqgrzphqwv htxloleulxp lv qrw sduhwr rswlpdo dv
lq wkh fdvh ri hqgrzphqwv vsdqqhg e| wkh dvvhwv dqg lq dgglwlrq/ pdunhwv
duh qrw vwdeoh lq wkh vhqvh wkdw frpsohwlqj wkh pdunhw e| dgglqj d qhz
dvvhw grhv qrw qhfhvvdulo| pdnh hyhu|erg| ehwwhu r1 Dvvhw sulfhv uhpdlqlqj
wkh vdph phdqv wkdw wkh lqwurgxfwlrq ri wkh qhz dvvhw kdg qr uhdo hhfw rq
rxwsxw +djjuhjdwh hqgrzphqw,/ wklv lv ehfdxvh wkh xqglyhuvldeoh frpsrqhqw
ri wkh djjuhjdwh hqgrzphqw ydulhv zlwk wkh pdunhw vwuxfwxuh1 Lqwurgxflqj
ru zlwkgudzlqj dq dvvhw lq wkh pdunhw vsdq pd| lpsuryh dv zhoo dv zruvhq
wkh hfrqrp| lq whupv ri sduhwr h!flhqf|1
Xs wr qrz wkh qglqjv ri wkh JHL0FDSP olwhudwxuh frqfhuqlqj wkh sruw0
irolr irupdwlrq fduulhv rxw dovr lq rxu iudphzrun ri wudqvihudeoh hqgrzphqwv1
Rk +4<<3, qgv wkdw lq wkh FDSP zlwk txdgudwlf xwlolwlhv uhodwlyh sulfhv ri
dvvhwv uhpdlq wkh vdph dv wkh pdunhw vwuxfwxuh fkdqjhv1 Kh jhqhudol}hv Ux0
elqvwhlq*v uhvrxufh glvwulexwlrq luuhohydqf| zkhuh lqlwldo hqgrzphqwv zhuh
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pdunhwhg1
Lq wklv vhfwlrq zh zloo dgg wzr dvvxpswlrqv1
Txdgudwlf Xwlolwlhv vE% ’ %  k
2
E%2 doo  ’ c c U lq erwk uvw dqg
vhfrqg shulrgv1
Prqrwrqlflw|  kf  f dqg k  f iru doo  ’ c c U
Dq lqglylgxdo*v uvw rughu frqglwlrqv iru vhfxulw| ghpdqgv/ hydoxdwhg dw
wkh frpshwlwlyh htxloleulxp/ lv:
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E4T  +9,
Diwhu uhduudqjlqj wkhvh h{suhvvlrqv/ vxpplqj ryhu lqglylgxdov/ xvlqj wkh
pdunhw fohdulqj frqglwlrqv
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Sursrvlwlrq 7 Ilqdqfldo Lqqrydwlrq1 Lq d JHL0FDSP hfrqrp| zlwk
txdgudwlf xwlolwlhv dqg hqgrjhqrxv hqgrzphqwv wkh uhodwlyh sulfhv ri wkh pdu0
nhwhg vhfxulwlhv ghshqg rq wkh qdqfldo vwuxfwxuh1
Surri1 Iurp +:, zh kdyh wkdw ^ ’ > E>2 E E4T  iru  ’
c c a Wkh uhodwlyh sulfhv
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^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
>
2
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ri wkh dvvhwv vlqfh wkh| ghshqg rq wkh djjuhjdwh rxwsxw  zklfk lq wxuq
ghshqgv rq wkh qdqfldo vwuxfwxuh uhsuhvhqwhg e| wkh pdwul{ T
Fruroodu| 8 Sulfh Lqyduldqfh1 Wkh sulfhv ri dvvhwv zklfk ehorqj wr wkh
lqlwldo dvvhw vwuxfwxuh T duh lqyduldqw wr lwv prglfdwlrq wr T  li dqg rqo| li
T

 ET 



E4T  ’ fc
lq rwkhu zrugv/ wkh prglfdwlrq ri wkh qdqfldo vwuxfwxuh grhv qrw fkdqjh wkh
pdunhwhg vxevsdfh ru wkh pdunhw lv frpsohwh +ru hhfwlyho| frpsohwh, xqghu
T 1
:
Zh lqwurgxfh wkh er{0surgxfw  vxfk dv iru {> | 5 UV > {| @ +{4|4> ===> {V|V,=
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614 Wkh fdvh ri olqhdu0txdgudwlf suhihuhqfhv
Frqvlghu qrz wkdw hdfk djhqw*v xwlolw| ixqfwlrq lv ghqhg e|
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 ’ f%
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c  ’ c c Uc
zlwk f : f/ doo  dqg wkh prqrwrqlflw| frqglwlrqv krog iru vhfrqg shulrg*v
txdgudwlf xwlolw| ixqfwlrqv1
Reylrxvo|/ wkh jhqhudol}hg FDSP wkhruhp dssolhv lq wkh olqhdu txdgudwlf
fdvh vlqfh wkh odwwhu frqvwlwxwhv d vshfldo fdvh ri phdq yduldqfh suhihuhqfhv1
Lwv vshflfdwlrq zlwk hqgrjhqrxv hqgrzphqwv gholyhuv dq hdv| frpsxwdeoh
htxloleulxp1 Lq wkh uhvw ri wklv vhfwlrq/ zh suryh h{lvwhqfh ri htxloleulxp/
zh vxppdul}h wkh dssolfdwlrq ri wkh Ilqdqfldo Lqqrydwlrq sursrvlwlrq lq d
ohppd/ dvvxph d vshfldo ixqfwlrqdo irup iru wkh vwrfkdvwlf wudqvihu whfkqror0
jlhv dqg vroyh d qxphulfdo h{dpsoh/ jlyhq wklv vshflfdwlrq1
Sursrvlwlrq 9 H{lvwhqfh1 Xqghu wkh dvvxpswlrq ri olqhdu txdgudwlf xwlo0
lwlhv dqg wkh uhtxluhphqw wkdw hbEf ’ /
r
c r ’ c c 7c wkhuh h{lvwv d sdlu ri
dfwlrqv dqg sulfhv EE%c ,c 5c ^ 5 UE7nUn UU UaU Ua wkdw vdwlvhv wkh
ghqlwlrq ri dq htxloleulxp iru wkh JHL0FDSP hfrqrp| zlwk hqgrjhqrxv
hqgrzphqwv HEc /fc Tc hb1
Surri1 Wkh uhtxluhphqw ri d qrq wulyldo htxloleulxp wkdw f 	 , 	 /fc
iru dw ohdvw rqh c  ’ c c U dqg wkh dgglwlrqdo dvvxpswlrq rq wkh wudqvihu
whfkqrorj| hbEf ’ /
r
c r ’ c c 7c zkhuh / 5 U7c jxdudqwhh wkh ydolglw| ri
wkh erxqgdu| frqglwlrq   /
r
E,  \c zlwk   \  4 Khqfh;/ zh fdq
frqvwuxfw wkh iroorzlqj h{lvwhqfh dujxphqw1
Zh ghqh wkh htxloleulxp pds ) G
TU
'
dfc /Jo $
TU
'
dfc /Jo zklfk
pdsv dq| yhfwru q 5 UU wr d yhfwru E,E^WEqU'
Iru d jlyhq q  E,U'/ rxu prgho lv d vwdqgdug JHL zlwk h{rjhqrxv
hqgrzphqwv iru zklfk zh nqrz wkdw htxloleulxp h{lvwv dqg lw lv xqltxh<1
Wkh fruuhvsrqglqj htxloleulxp sulfhv duh ^WEq/ wkh fruuhvsrqglqj wudqvihuv
,E^WEq Khqfh/ wkh pds ) lv zhoo ghqhg1
;Vhh Dsshqgl{ L/ iru d surri ri wkh qhfhvvlw| ri wkh erxqgdu| frqglwlrq1
<Wkh txdvl olqhdulw| ri wkh xwlolw| ixqfwlrq txdudqwhhv xqltxhqhvv ri htxloleulxp lq wkh
vwdqgdug qdqfh JHL prgho1 Dvvxplqj lqwhulru vroxwlrqv lq wkh odwwhu zh fdq frqvwuxfw
rxu h{lvwhqfh dujxphqw1
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Pruhryhu ) lv frqwlqxrxv zlwk uhvshfw wr q dqg pdsv
TU
'
dfc eJo wr lwvhoi1
Wkhq e| Eurxzhu*v {hg srlqw wkhruhp ) kdv d {hg srlqw/ l1h1 < qW vxfk
wkdw qW ’ ,E^WEqW
Exw qW fruuhvsrqgv h{dfwo| wr d JHL iru rxu prgho1
7 Dq h{dpsoh
Zh looxvwudwh rxu qglqjv lq whupv ri dq h{dpsoh zlwk wzr djhqwv zlwk olqhdu
txdgudwlf xwlolwlhv dqg wkh dvvxpswlrq wkdw diwhu wudqvihu hqgrzphqwv duh
jlyhq e| wkh yhfwru / ’ E/
f
c /

 ’

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f
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 5 U7nn zkhuh / ’ / 
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

c  ’ Ec c  5 U7 dqg b

wkh yhfwru ri rxwsxw uhdol}dwlrqv143
Doorzlqj iru wkh wudqvihu ri hqgrzphqwv grhv qrw qhfhvvdulo| dffrxqw iru
wkh idloxuh ri wkh lqyduldqfh ri dvvhw sulfhv dfurvv pdunhw vwuxfwxuhv1 Iru lq0
vwdqfh/ iru wkh fodvv ri qrq vwrfkdvwlf olqhdu wudqvihu whfkqrorjlhv dqg fhuwdlq
vhfrqg shulrg hqgrzphqwv/ wkh htxloleulxp sulfhv ghshqg rqo| rq sdudph0
whuv zklfk duh jlyhq lqghshqghqwo| ri wkh pdunhw vwuxfwxuh dqg dffruglqjo|
duh lqyduldqw zlwk uhvshfw wr qdqfldo lqqrydwlrq1
Wkh vxevwlwxwlrq ri d frqfdyh wudqvihu whfkqrorj| iru d olqhdu wudqvihu
surfhvv lq wkh deryh looxvwudwlrq fkdqjhv gudpdwlfdoo| wkh uhvxowv dqg wkh
sulfh yduldqfh rewdlqv1 Lq d wzr shulrgv hfrqrp| zkhuh djhqw fdq wudqvihu
hqgrzphqwv yld wkh olqhdu whfkqrorj| bE, ’  n , zkloh djhqw wzr yld
wkh b2E,2 ’  n E*2
s
,2c d fkdqjh lq wkh uhwxuq vwuxfwxuh iurp T ’ d0o
wr T  ’ d0c 02oc zkhuh 0 lv wkh }hur yhfwru zlwk 4 dv lwv 
| frruglqdwh +l1h1
iurp rqh Duurz vhfxulw| wr wzr Duurz vhfxulwlhv vwuxfwxuh,/ prglhv wkh
htxloleulxp sulfh ri dvvhw 4 xqghu wkh pdunhw vwuxfwxuh Tc ^T c wr ^T  9’ ^T
zkhq wkh dvvhw vwuxfwxuh lv T 1 Wkh v|vwhp ri htxdwlrqv zklfk fkdudfwhul}hv
wkh frpshwlwlyh htxloleulxp sulfhv dqg doorfdwlrqv lv
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43Qrw wr eh frqixvhg zlwk wkh wudqvihu ixqfwlrq qrwdwlrq1
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Wkh odvw wkuhh htxdwlrqv lq wklv v|vwhp fruuhvsrqg uhvshfwlyho| wr wkh
pdunhw fohdulqj frqglwlrq iru wkh vhfrqg dvvhw dqg wkh uvw rughu frqglwlrqv
zlwk uhvshfw wr wkh vhfrqg Duurz vhfxulw| ri lqglylgxdov rqh dqg wzr1 Vroylqj
wkh v|vwhp zlwk 5
2
’ 52
2
’ f dqg ljqrulqj wkh odvw wkuhh htxdwlrqv |lhogv
frpshwlwlyh htxloleulxp sulfhv dqg doorfdwlrqv iru wkh hfrqrp| zlwk dvvhw
vwuxfwxuh T Diwhu frpsxwlqj wkh uhvxowlqj htxloleulxp sulfhv iru erwk dvvhw
vwuxfwxuhv zh ghulyh wkh iroorzlqj frqglwlrq=
Htxloleulxp sulfhv ^
T  dqg ^T zloo frlqflgh li dqg rqo| li 2/

2
E 
k2/2
2
 ’ 2 n k2E/2
2
2 lv vdwlvhg1
Wkhuhiruh/ zkdwhyhu wkh frqvlghuhg hfrqrp|/ wkhuh pd| eh d xqltxh ydoxh
ri e
2
iru zklfk sulfh lqyduldqfh rewdlqv> rwkhuzlvh/ wkh htxloleulxp sulfh ri
dvvhw 4 ^ ydulhv doprvw dozd|v zlwk qdqfldo lqqrydwlrq1
8 Frqfoxvlrqv
Lq wklv zrun zh kdyh vkrzq wkdw wkh wzr edvlf uhvxowv ri wkh FDSP zkhq
djhqwv duh jlyhq wkh delolw| wr lq xhqfh ixwxuh qrq0wudghg lqfrph lq wkh
iudphzrun ri lqfrpsohwh pdunhwv duh vwloo ydolg1 Wkh wzr0ixqgv vhsdudwlrq
wkhruhp dqg wkh vhfxulw| pdunhw olqh fdq vwloo vhuyh dv suhglfwlrq ri wkh sruw0
irolr frpsrvlwlrq ri wkh djhqwv dqg ri wkh zd| dvvhwv duh sulfhg dw htxloleulxp1
Wkh qhz dvshfw wkdw dsshduv lq wklv iudphzrun lv wkh srvvlelolw| ri wkhruhw0
lfdo glvfxvvlrqv frqfhuqlqj qdqfldo lqqrydwlrq1 Rxu prgho fdq eh vhhq dv d
jhqhudol}dwlrq ri wkh JHL0FDSP zlwk txdgudwlf xwlolwlhv +Rk +4<<9,/ Zloohq
+4<<:,,/ vlqfh lw jhqhudwhv d uhvxow wkdw lqfoxghv dv vshfldo fdvhv suhylrxv
suhglfwlrqv/ dvvhw sulfhv pd| fkdqjh zkhq wkh qdqfldo pdunhw fkdqjhv1 Zh
eholhyh wkdw wklv qglqj vkrxog eh ixuwkhu h{soruhg dqg pd| jlyh ydoxdeoh
lqwxlwlrq derxw wkh uhdvrqv ri dvvhw sulfhv yduldelolw|1 Lq wkh iudphzrun zh
ghyhors lq wklv sdshu lv wkdw/ zkhq hqgrzphqw wudqvihuv duh doorzhg/ wkh lq0
irupdwlrqdo uhtxluhphqwv +dprqj wkh rwkhu dvvxpswlrqv wkdw lpso| wkh edvlf
wkhruhp, ehfrph h{wuhpho| vwulqjhqw1 Wkh| lqyroyh qrw rqo| wkh revhuydwlrq
ri doo lqglylgxdo hqgrzphqwv exw dovr ri hdfk djhqw*v wudqvihu surfhvv1 Exw
wklv lv d pruh jhqhudo sureohp lq wkhru| zklfk kdv ehhq dozd|v mxvwlhg e|
wkh idfw wkdw doo vwurqj dvvxpswlrqv ohdg wr fohdu fxw uhvxowv zlwk vwurqj
lqwxlwlyh dsshdo +Pdjloo dqg Txlq}ll +4<<9,,1
Rxu sursrvlwlrq rq qdqfldo lqqrydwlrq pd| ghvhuyh pruh dwwhqwlrq lq ix0
wxuh zrun dv lw pd| vhuyh dv d vwduwlqj srlqw lq wkh vwxg| dqg xqghuvwdqglqj
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ri vrph zhoo nqrzq sureohpv lq wkh olwhudwxuh ri qdqfldo pdfurhfrqrplfv/
iru lqvwdqfh wkh htxlw| suhplxp sx}}oh ru wkh ulvn iuhh sx}}oh1 Wkh FDSP
kdv ehhq h{whqvlyho| xvhg lq wkh qdqfldo olwhudwxuh gxh wr lwv srzhuixo suh0
glfwlrqv dqg lwv lqwxlwlyh dsshdo1 Rqh ri wkh pdmru gudzedfnv ri wkh FDSP
zlwk txdgudwlf xwlolwlhv lv wkdw lw lqyroyhv lqfuhdvlqj devroxwh ulvn dyhuvlrq
zklfk lpso| wkdw ulvn| dvvhwv duh lqihulru jrrgv +Duurz +4<:3,,1 Lqwurgxflqj
xqglyhuvldeoh surgxfwlyh uhwxuqv pd| prgli| wkh lqyhvwruv pdujlqdo udwhv
ri vxevwlwxwlrq wkurxjk wkh w|sh ri fruuhodwlrq ehwzhhq wkh pdujlqdo udwhv ri
wudqvirupdwlrq/ lqgxfhg e| wkh whfkqrorjlhv/ dqg wkh uhwxuqv rq wkh wudghg
dvvhwv1
4:
9 Dsshqgl{
Dw d uvw vljkw/ h{lvwhqfh ri htxloleulxp pljkw eh d sureohp1 Wkh uhdvrq
lv wkdw br E,
E^ wkurxjk lwv ghshqghqfh rq ,E^ pdnhv hqgrzphqwv sulfh
ghshqghqw1 Wkh sureohp lv wkdw/ zlwk sulfh ghshqghqw hqgrzphqwv/ wkh
erxqgdu| ehkdylru ri ghpdqg +*4 SR<" ’ fc *4 SR<f ’ 4/ qr orqjhu vxi0
fhv wr xvh wudglwlrqdo htxloleulxp suryhv1 Dv dq looxvwudwlrq zh fdq frqvlghu
wkh iroorzlqj h{dpsoh= dq h{fkdqjh hfrqrp| zlwk wzr lqglylgxdov  ’ c 2
+vxshuvfulswv, dqg wzr jrrgv  ’ c 2/ +vxevfulswv, zh qrupdol}h wkh sulfh
ri jrrg rqh wr 4 dqg zh dvvxph wkh hqgrzphqw ri  ’  iru jrrg 2 sulfh
ghshqghqw1 Lqglylgxdov pd{lpl}h xwlolwlhv
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